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1. Introduction 

This paper is a note about Chen's paper pQ. Using the same method in [I], we obtain a result 
Theorem 1, which extends the Schwarz-Pick lemma [I] for planar harmonic mappings to bounded 
complex- valued harmonic functions in the unit ball of M n . In addition, motivated by [lj and this 
paper, we consider a Schwarz lemma for harmonic mappings between real unit balls in another 
paper. Now we introduce some denotation and the background. 

Let n be a positive integer greater than 1. W 1 is the real space of dimension n. For x = 
(xi,--- ,x n ) G M n , let |x| = (|xi| 2 + -- - + K| 2 ) 1/2 - Let B n = {x G R n : \x\ < 1} be the unit ball of 
M. n . The unit sphere, the boundary of B n is denoted by S; normalized surface-area measure on S 
is denoted by a (so that <r(S) = 1). Let S + denote the northern hemisphere {x = (x±, ■ ■ ■ ,x n ) G 
S : x n > 0} and let S~ denote the southern hemisphere {x = (x±,--- ,x n ) G S : x n < 0}. 
N = (0, • • • ,0, 1) denotes the north pole of S. B r = {x G W 1 : \x\ < r} is the open ball centered 
at origin of radius r; its closure is the closed ball B r . A twice continuously differentiable, complex- 
valued function F defined on B n is harmonic on B n if and only if AF = 0, where A = D\ + • • • + 
and denotes the second partial derivative with respect to the j th coordinate variable Xj. By 
Q n , we denote the class of all complex-valued harmonic functions F(x) on B n with |i^(3;)| < 1 for 
x G B n . 

Let B be the unit disk in the complex plane C. Denote the disk {z G C : \z < r\} by D r ; its 
closure is the closed disk D r . 

For a holomorphic function / from B into B, the classical Schwarz lemma says that if /(0) = 0, 
then 

\m\ < i*i 

holds for z G B. For < r < 1, ([Lip may be written in the following form: 
(1.2) /(A.) C D r - 

So the classical Schwarz lemma can be regarded as considering the region of f(D r ). If the condition 
/(0) = is relaxed, then what the region of f(D r ) is. The answer can be found in the classical 
Schwarz-Pick lemma. By Schwarz-Pick lemma [2], it is known that 

( 13 ) \f{zi)~ f{z 2 )\ < \zi-z 2 \ 



\l- f(z 2 )f(z 1 )\ |l-25*i| 
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holds for zi,Z2 £ B. Using the notations 

Ui - Z2I 



dp(zi,Z2) 



|1 - «2«l| 

for the pseudo-distance between £1, 22 £ B, we know that 
(1-4) <W(zi),/te))<<W*i,*2) 

for zi,2 2 £ B by ([Ojl . Denote A(z,r) = {( e D : dj>(C,z) < r,2 £ D,0 < r < 1 for the closed 
pseudo-disk with center at z and pseudo-radius r. Then (jl.4j) may be written in the following form: 

/(£(*, r))cA(/(*),r) 

for z £ B and < r < 1. Note that A(0,r) = D r . So for / without the assumption /(0) = 0, we 
know 

(1.5) f(D r )G A(/(0),r). 

When /(0) = 0, {TBJ becomes JT3J). 

For a complex-valued harmonic function F on D such that F(D) C B and F(0) = 0, it is known 
[3] that 

4 

(1.6) F{ z ) — — arctan|z| 

7T 

holds for z £ B. For < r < 1, (jl.6p may be written in the following form: 



(1.7) F(D r ) C £> 



— arctan r ' 



If the condition F(0) = is relaxed, then what the region of F(D r ) is. Unfortunately, the compo- 
sition / o F of a harmonic function F and a holomorphic function / do not need to be harmonic, 
so it is a serious problem to seek the estimate corresponding to (11 .5[> for a harmonic function F 
without the assumption F(0) = 0. Fortunately, Chen resolved this problem in pp. In [T], for 
any < r < 1 and < p < 1, the author construct a closed domain -E^p, which contains p and 
is symmetric to the real axis, with the following properties: Let z £ B and w = pe ta be given. 
For every complex-valued harmonic function F with F(B>) C B and F(z) = w, the author has 
F(A(z,r)) C e ta E r ^ p = {e ta Q : ( £ E r ^ p }; conversely, for every w' £ e ia E rjP , there exists a complex- 
valued harmonic function F such that .F(B) C B, F(z) = w and F(z') = w' for some z' £ dA(z, r). 
Obviously, by Chen's result, we know that for a complex-valued harmonic function F on B such 
that F(B) C B without the assumption F(0) = 0, if F(0) = pe ia , then 

(1.8) F(D r ) C e ia E T:P , 

which is sharp. (jl.8p is the estimate for complex- valued harmonic functions corresponding to (|1.5[) . 
Note that a complex- valued harmonic function FonD such that F(B) C B can be seen as F £ ^2- 
So it is natural to consider the same problem in fl n . 

For F £ Q n , harmonic Schwarz lemma [1] says that if F(0) = 0, then 

(1.9) \F(x)\ < U(\x\N) 

holds for x £ B ra , where U is the Poisson integral of the function that equals 1 on S + and -1 on 
S~ . For < r < 1, (|1.9p may be written in the following form: 



(1.10) F(B r ) C D u(rN) . 

If the condition F(0) = is relaxed, then what the region of F(B r ) is. This problem will be solved 
in this paper. 

In this paper, by the same method in [Tj, we obtain the following theorem about the region of 
F(B r ). The result is sharp. When n = 2, our result is coincident with (]1.8p . And when F(0) = 0, 
our result is coincident with (|1.1U|) . Note that in the following theorem, E T)P is defined as 
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Theorem 1. Let 0<p<l,a€ffi and < r < 1 be given. Then for every harmonic function 
F with F(JB") C D and F(0) = pe ia , we have F(B r ) C e ia E r>p = {e ia ( : ( G E r)fJ }; conversely, 
for every w' G e ia E T)P , there exists a harmonic function F such that F(M n ) C B, F(0) = pe ta and 
F(rN)=w'. 

The theorem above will be proved by three steps as follows. 
Step 1: find the extremal line of F{B r ) in the normal direction of e°% which is related to the value 
ofF(O). _ 

Step 2: find the extremal line of F{B r ) in the normal direction of a given direction. For a given 
direction of e l/3 with — ir < f3 < it, construct a new harmonic function Fp = e~ l ^F through rotating 
F(B r ) by an anti-clockwise rotation of angle j3. Using the result of Stepl, we will have the the 
extremal line of Fp(B r ) in the normal direction of e° l , which is denoted by l'p. Note that F(B r ) can 
be obtained from Fp{B r ) by a clockwise rotation of angle (3. Then the extremal line of F(B r ) in 
the normal direction of e l @ , which is denoted by lp, can be obtained from 1^ by a clockwise rotation 
of angle /3. 

Step 3: using the result of Step2, we will obtain all the extremal lines of F(B r ) in every normal 
direction, with which we can wrap F(B r ) and obtain the region of F(B r ). 
Step 1 will be solved in Section 2. Step 2 and Step 3 will be solved in Section 3. 

2. Some lemmas 

In this section, we will introduce some lemmas, which are important for the proof of Theorem 
2. Lemma 1 will be used in Lemma 2. Lemma 2 will be used in Lemma 3. Lemma 3 and Lemma 
4 will be used in Theorem 2. 

Now we give Lemma 1 first. Lemma 1 constructs a bijection (R, I) from IR x M + onto the upper 
half disk {(a, b) : a G R, b £ R, a 2 + b 2 < 1, b > 0}, which will be used to construct u a ^^ r in Lemma 
2 for the case that b > 0. 

For 0<r<l,/i>0 and real number A, define 

(2-1) A rX Joj) = -(—^ — r-A), uj£S, 

and 

(2.2) R(r,X,fi)= I ArX ^ =d<j, I(r,X,fj,) = ! — 1 = da. 



The idea of the conformation of A r: \ tP (u), R(r,X,fi) and J(r, A,/i) originates from the needs of 
(I2TT6D and O^l]) . 

Lemma 1. Let < r < 1 be fixed. Then, there exist a unique pair of real functions A = A(r, o, b) 
and p = /x(r, a, b) > 0, defined on the upper half disk {(a, b) : a 2 + b 2 < 1, b > 0} and analytic in 
the real sense, such that R(r, A(r, a, b), fi(r, a, b)) = a and I(r, A(r, a, b), /i(r, a, b)) = b for any point 
(a, b) in the half disk. 

Proof. A simple calculation gives 

( 3 ^9A— " ^s(l + 4 A >))3/2^ 

fozfi dR(r,X,fi) _ 1 /" A,a, m H , 

( j ^ " W 5 (i + ^ A ,,M) 3 / 2dcJ ' 

( } ^A— -m75(1 + A 2 ,a») 3 / 2 ' 
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(2.6) 



dI{r,X,fx) _ 1 
djj, 



^,A» 



-da. 



It is easy to see that 

(i) by (12 .3p . dR(r, X, [i)/dX < for any A and /x > 0, and R(r,X,/j,) is strictly decreasing as a 
function of A for a fixed /x; 

(ii) by (12. 2p . for a fixed /i, i?(r, A, /x) — )• — 1 or 1 according to A — > +oo or A — > — oo; 

(iii) by (|2.3|) - (|2.6f) and the convexity of the square function, 

dR(r, X, /i) dl(r, A, /x) <9i?(r, A, /x) <9/(r, A, /x) 



aA 



aA 



< o 



<9/x <9/x 
for any A and fi > 0; 

(iiii) by ([23]) . < I(r, X, /x) < 1 for any A and /U > 0. 

By (i) and (ii), we know that for fixed /x, i?(r, A,/i) is strictly decreasing from 1 to —1 as A 
increasing from — oo to +oo. Then for any — 1 < a < 1 and fixed /x, there exists a unique real 
number A(^x, a) such that 



(2.7) 



R(r,\,n)\ 



a. 



Further, using the implicit function theorem, we have that the function A = A(/i, a) defined on 
{(/j, a) : /j, > 0, — 1 < a < 1} is a continuous function and 



5A(/i, a) 
<9/i 



dR{r,X,n) /dR(r,X,fj) 



dX 



\=\(fj,,a) 



Next, we consider the function I(r, X(fi, a), fi) for fi > 0. 
<9J(r, A(/x,a),^) 

dl(r, X, /j) dX(^L,a) dI(r,X,/j) 



dX 



d/j, 



+ 



5/x 



A=A(^t,a) 



dR(r, X, fi) dl(r, X, [i) dR(r, X, fi) dl(r, X, fi)\ /dR(r,X,/j,) 



dX 



<9/x 



dX 



dX 



X=X(fi,a) 



By (i) and (iii), we have ^lilj^h^hm > o, which shows that I(r, A(/x, a), /x) is strictly increasing 
as a function of /i on (0, +oo) for a fixed a. Note that (iiii). Thus, for a fixed a, I(r, A(/u, a), /x) 
respectively has finite limit as /u — )• and as /x — > +oo. 

For a fixed a, we claim that I(r, A(/i, a), /x) — >• as /i — >• 0, and J(r, A(/x, a), /x) — >• vl — a 2 as 
/x — >• +oo. 

As /x —7- 0, there exists a subsequence /x/% — >• such that A(/Xfc,a) has a finite limit i or tend 
to oo. We only need to prove that I(r, A(/ifc, a), fx^) — >• as k — > oo. Since I(r, A(/Jfc, a), /Xfc) = 
, 2 1 tier, we only need to prove that |-A r ,A(/x fc ,a),/x fc ( w )l — ^ +°° almost everywhere on 



/l+A 2 . , , (w) 



5. Note that 



and 



K,A( Mfc ,a),^M| 



/'A' 



rA 



A(/x fc ,a) 



< 



< 



(l+r) n ~ |rA-cj| n ~ (l-r) n ' 
If A(/i fc , a) -> t as -> oo, then [^z^p - A(/x fc , a) is bounded and [^yz^jp 
everywhere on 5. Thus | A-,A(/i fc ,a),^ fe ( w )l ~~ ^ +°° almost everywhere on S. If A(/Xfc,a 

—7- oo, then it is obvious that |^4- r ,A(^ fc ,a),^ fc ( w )l — ^ +°° uniformly for oj € 5. The first claim is 
proved. 



X(/jLk,a) 7^ almost 
• oo as 
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As fx — > +00, ^ \ r N-u)\ n ~* ® uniformly for u 6 S. If there exists a subsequence [i k — > +00 such 
that \(nk,a)/ fik — > 00, then |^4 r ,A(^ fc ,a),/x fc ( w )l ~~ > +°° uniformly for ui £ S, and I(r, \(fi k , a), fi k ) — > 
0, a contradiction. This shows that for A(/x, a)//x is bounded as /x — > +00. Thus there exists a 
subsequence //& — > +00 such that — X(fJ, k , a)//j, k tend to a finite limit i. That is 

(2.8) hm —\(fj,k,a)/(ik = t. 

fc— >oo 

we only need to prove that I(r, X(fik,a), fi k ) — > \/l — a 2 as k — > 00. Let (A(oj)) k = ^r,A(^ fe ,a),/i fc ( w )- 
By ()2.ip . (|2.8j) and /x& — )• +00, we obtain 

Um (A(u)) k = lim i k {wh^- x ^ a ^) 

fc^°° y/l + ((A(Lj)) k ) 2 



(2.9) 



, 2 

1 + j% \\rN-^ - A (Mfe' a ) 



lim — — 



uniformly for to £ S, and 



lim — ; = lim 



(2.10) V 



lim 



1 1 



uniformly for oj 6 5. By the Lebesgue's dominated convergence theorem and (|2.2p . (j2.9|) . ()2.10j) we 
have 

hm R(r, A(/», «), „*) = hm ^ ^||^= 
(2.11) = / lim , ^ k da 

t 



and 



lim I(r, \(u, k ,a), ri k ) = lim / — da 



(2.12) / lim 1 dcr 

1 



^/^Ti 2 ~ 
.vw) 

that ~7=g = a and ~Aj=p = Vl — a 2 . Consequently by (|2.12p . 



Note that R(r, A(/x fc ,o), Li k ) = aby pTTj) . and (-^L^) 2 + (-^L^ 2 = 1. Then by (I2TTT1) we obtain 



lim I(r,\(Li k ,a),Li k ) = \J\-a 2 . 

k— >oo 



The second claim is proved. 
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It is proved that I(r, A(/x, a), /i) is continuous and strictly increasing from to y/l — a 2 as u 
increasing from to +00. Thus, for any < b < Vl — a 2 and — 1 < a < 1, there exists a unique 
real number fJ,(a,b) such that 

(2.13) I{r, A(/x(a, b), a), u(a, b)) = b. 

Further, using the implicit function theorem, we have the function u(a, b) defined on {(a, b) : 
a 2 + b 2 < 1, b > 0} is a continuous function. 

Denote A(u(a, 6),a) by A(r, a,b). Denote «(a, 6) by n(r, a, 6). We have proved that there exist 
a unique pair of functions A = A(r, a, 6) and u = /i(r, a, 6) such that 

R(r, A(r, a, b), fi(r, a, 6)) = a, I(r, A(r, a, 6), u(r, a, b)) = b 

on the upper half disk. The real analyticity of A = A(r, a, 6) and u = u(r, a, b) is asserted by the 
implicit function theorem. The lemma is proved. □ 

Let a and b be two numbers such that < 6 < 1, — 1 < a < 1 and a 2 + b 2 < 1 . Let U a ^ denote 
the class of real- valued functions u E L°°(S) satisfying the following conditions: 



(2.14) Halloo < 1, / u{uj)da = a, / \J\ - u 2 (uj)da > b. 

Js Js 

Every function u G L°°(S) defines a harmonic function 

r 1 - \x\ 2 

U(x) = / 1 l -^-u(uj)da for x E B n . 

Js \ x - w r 

Let < r < 1 and define a functional L r on L°°(S) by 

(2.15) L r («) = C/(riV) = / , \~ r2 . u(Li)dcT. 



I s \rN — u)\ 

Obviously, li a ,b is a closed set, and L r is a continuous functional on lA a ^. Then there exists 
a extremal function such that L r attains its maximum on U a 5 at the extremal function. We will 
claim in the following lemma that the extremal function is unique. In the proof of the following 
lemma, we will construct a function uq first and then prove that uq is the unique extremal function, 
which will be denoted by u a ^ }r . 

Lemma 2. For any a, b and r satisfying the above conditions, there exists a unique extremal 
function it 6 r E U a ,b such that L r attains its maximum on lA a ^ at u a ^^ r . 

Proof. Let a, b and r be fixed. First assume that b > 0. From Lemma [Tj we have A = A(r, a, b) and 
\x = /i(r, a, b) > such that R(r, A, /jl) = a and I(r, A, fj,) = b. For the need of (|2.2ip . let 



(2.16) «o(w) 



where A ri \^{oj) is defined as (|2.ip . Then ||«o||oo < 1 and by (|2.2p . we know 
(2.17) / uo(u)da = R(r, A, fi) = a, / y^l — iijj(cj)cfcr = J(r, A, yu) = 6. 



'5 

This means that no E W a ,6- 

Let u E W a6 - By (12TT41 and (pTTjl . we have 



(2.18) A / («o(w) - it(w))dcr = 0, 

(2.19) u / (^1 -ttoH - ^Jl-u 2 {uj))do- < 0. 
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By the Taylor formula of the function yl — x 2 , we have 



(2.20) 



< 



V 1 - u o(u) 

Uq{uj){uq(u) - U{U))) 



2(1 - e 2 ) 3 / 2 



V 1 - n o( w ) 

where £ is a real number between uq(u) and u(ui). By ()2. 16[) and (|2. 1 j) . we have 

1 . (J,uo(u) 



(2.21) — --A 

Then by (pTL5l) and (l2TT8l) - (l23lD . we obtain that 
L r (iio) — L r (u) f uq(lo) — u(u) 



0. 



1 — r 2 



-tier 



> 



' 5 |riV-u;| 

uq(lu) — u{oj) 



s \rN-u\ n 



da — X (uq(oj) — u{oj))da — fi 



■da 



> 



uq{oj) — u(uj) 



s \rN-ui 



2(1 - e 2 ) 3 / 2 

da — X (uo(oj) — u{oj))da — 
Js 



\rN - uj\ 



X 



V 1 ~ «o( w ) 



uq(uj)(uo(u) - u(u>)) 
a/1 - ng(w) 



da 



da 



0. 



Thus L r (uo) > L r (u) with equality if and only if /x J g ^^z^pj^-da = 0. Therefore L r (uo) > L r (u) 

with equality if and only if u(oj) = uq{uj) almost everywhere. This shows that uq{uj) is the unique 
extremal function, which will be denoted by u a ^ )r {oj). 

Next we consider the case that 6 = 0. For a real number d, let 



(2.22) 
(2.23) 
(2.24) 



S d = {x£ S :\N-x\= d}, 
S+ = { x e S : \N-x\ < d}, 
S d = {x € S :\N - x\> d}. 



For a fixed real number a such that — 1 < a < 1, there exists a unique real number d a such that 
*(S£) = and CT (S- ) = ±=». Let 

0, ueSd a ; 



(2.25) 



it (w) 



-l, weS 



We want to prove that uq is just the unique extremal function, which will be denoted by it a ,o,r(^)- 
It is obvious that uq G U a fi. Let u £ W a ,o- By ()2.14j) and ()2.25j) . we have 

(2.26) 

(2.27) 
(2.28) 



{uq{uj) — u{u))da = 0, 

uq{oj) — u(uj) > for to 6 Sj^, 
Uo(w) — ii(w) < for uj £ S7 , 
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Let 

(2.29) J a = \rN-x Q \, where xq G Sd 
Note that 

(2.30) \rN -uj\<J a for u G S+ , 

(2.31) \rN -uj\> J a for cu G 5~ . 
Then by (f2T5D and (|5^B]) - (|2T3T]) . we obtain that 

L r (u ) - 



da 



l-r 2 
uq(uj) — u(oj) 
\rN -u\ n 

1 1 

(t^t; i )( n o( w ) — n(w))d<r 

s K \rN-u\ n 



(t^T? i —)(uo(uj) — u(<jj))d(T + f (-; — — : ; — 



> 0. 



Thus L r (uo) > L r {u) with equality if and only if u{uj) = uq(oj) almost everywhere. The lemma is 
proved. □ 

Let a and b be two real numbers with a 2 + b 2 < 1, and < r < 1. If b > 0, u aj fc jr has been 
defined in Lemma [2j Now, define 



(2.32) v a)b)r {uj) = y 1 - \ 6 , r (w) for u) e S, 
and 

/" 1 — \x\ 2 

(2.33) U a ,b,r(x) = / , —u atbtr (u;)da, 

Js \x - uj\ n 

f 1 — \x\ 2 

(2-34) Va tbt r(x) = / |— — —V atbtr (uj)da. 

For b < 0, let 

(2.35) #a,6,r(a0 = U a - bjr (x), V a ^ r {x) = -V a „ b>r (x). 
Then for any a G R, 6 G R and a 2 + 6 2 < 1, let 

(2.36) ^a,6,r(x) = ^a,6,r(aj) + *K,6,r(aO for x G B n . 

The harmonic function F a ^^ r {x) = U a ^,r{x)+iV a ^,r{x) satisfies -F a ,b,r(0) = a+6z and i f1 o,6,r(® n ) C B, 
since we will show that |f7 a ,fe,r(^)| 2 + |^a& r (a:)| 2 < 1. By the convexity of the square function, 



with equality if and only if u at b t r(^) an d v abr (oj) are constants almost everywhere on 5. However 
Ua,b,r{u) is not possible a constant almost everywhere on S. Thus | f/o,,E>, r (a^) 1 2 + |'^a,6,r( a; )| 2 < !• 
The functions F a ^, r are the extremal functions in the following lemma. 

Lemma 3. Let F(x) = U(x) + iV(x) be a harmonic function such that F(B n ) C B, F(0) = a + bi. 
Then, for < r < 1 and uj G S, 

U(ru) < U„ b JrN) 
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with equality at some point ruo if and only if F{x) = F a ^ r (xA), where A is an orthogonal matrix 
such that ruA = rN, J7 a & r is defined as (|2.33[) and (|2.35 j) . F a b r *s defined as (|2.36p . Further, 
U{x) < U a! b !r (rN) for \x\ < r. 

Proof. Step 1: First the case that ru = rN will be proved. Let < f < 1 be fixed. Construct 
function 

G(x) = F(fx) for x G 1". 
G(x) is harmonic on B™ and G(0) = a + hi. Let G(x) = u(x) + iv(x). Then 



(2.37) Halloo < lj / u{oj)do~ = a, 



/ |u(a;)|dcr > 


/ v(u))do~ 


= \b\ 


IS 


Js 





So by (|2.14|) we know that u G U a ,\b\ an d by LemmaEl we have u{rN) < U a ^ r (rN) with equality if 
and only if u(u>) = u a \j,\ r (cj) almost everywhere on S. For u a ^^ r (uj), by f)2. lTj) and (|2.25j) we have 



(2.38) / ^l-ul Kr (u)da = \b\. 

J s 

If u(oj) = u a \u r (oj) almost everywhere on S, then by ()2.33|) and ()2.35j) . we have 

u(x) = U at \ b \ jr (x) = Ua,b,r(x) for x G B n ; 

and by (I2.32p . we have 



(2.39) u a,[6|,r(w) = y 1 - u l,\b\A^ = V 1 - u 2 (uj). 

Note that by (12371) . (12351) and we have 



\b\ = I v a ^ T (u)d<j > 



s 



I \v{uS)\da > 


/ v(u)da 


Is 


Js 



\b\. 



Then 



So 



v(uj) = w a ,|fe|,r( a; ) almost everywhere on S when b > 0, 
u(u;) = — v a ^\^ r (uj) almost everywhere on S when b < 0. 



v(x) = 14^,. (x) for x G B n . 
For G{x) = u{x) + iv(x), it is proved that u(rN) < U a ^^{rN) with equality if and only if 
G{x) = F aAr (x). Now let r ->• 1. Note that 

lim G{x) = lim F(fx) = F(x), lim u(rN) = U(rN). 

f— >1 r— >1 f— »1 

Then by the result for G(x), we have U(rN) < U a ^, r { r N) with equality if and only if F(x) = 

Fa,b,r • 

Step 2: Now we prove the case that rui ^ rN. Construct function 

F(x) = F^xA' 1 ) for x G B n , 

where A is an orthogonal matrix such that rojA = rN and A -1 is the inverse matrix of A. By [3], 
we know that F(x) is also a harmonic function. Let F{x) = U(x) + iV(x). Note that F(0) = a + bi. 
Then by the result of step 1, we have U(rN) < U a ^^ r {rN) with equality if and only if F(x) = 
F aAr (x). Note that U(rN) = U{rNA~ l ) = U(ru) and F(x) = F(xA~ 1 ). Thus U(ru) < U aAr (rN) 
with equality if and only if F(xA^ 1 ) = F a b^ r (x). It is just that U(ruj) < U a ^ r {rN) with equality 
if and only if F(x) = F a ^^ r {xA). 

Step 3: We will show that U(x) < C/a^,. (riV) for \x\ < r. By the result of step 2 and the 
maximum principle, we have U(x) < U a ^ jr (rN) for \x\ < r. If the equality holds for some xq with 
|xo| < r i then U{x) must be equal to C/ a ,fe,r( r -^) identically for \x\ < r. Note that if U(rN) = 
U a ,b,r( r N), then by the result of step 1, we have U(x) = U a ^^ r {x). Thus U a ^^ r {x) = U a ^^ r {rN) 
for |x| < r. However, it is impossible since U a ^,r is not a constant. The proof of the lemma is 
complete. □ 
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Lemma 4. For fixed < r < 1 and x G B n , F a f, r (x) is defined as (12.36|) . Then F a b r (x), as 
a function of variables a and b, is analytic in the real sense on the open half disk {(a,b) : b > 
0, a 2 + b 2 < 1} and is continuous to the real diameter. 

Proof. Let < r < 1 and i 6 B" be fixed. It is obvious that F a t> r (x) is analytic in the real sense on 
the open half disk, since it is determined there by the functions A(r, a, b) and /i(r, a, b) formulated 
in Lemma 1, which are analytic in the real sense on the open half disk {(a, b) : b > 0, a 2 + b 2 < 1}. 
We only need to prove that F a ^^ r {x) is continuous at the points of the real diameter. Note that 
(|2.36p . Then we only need to prove that U a ^ r {x) and V a ^ r {x) are continuous at the points of the 
real diameter. 

Let — 1 < ao < 1 be given. We want to prove that U a> ^ r (x) and V a ^ r (x) is continuous at (ao,0). 
It is just to prove that U a ^ r {x) — > U a0j o )r (x) and V a ^ r {x) — > V a0) o jr (x) as (a, b) — > (ao,0). 

Step 1: For the case that (a, b) — > (ao, 0) with b = 0, by (|2.33p and (|2.34j) . we only need to prove 
u a ,o,r(^>) — > w ao ,o,r(w) almost everywhere on S as (a,0) — > (ao,0). Recall that 



1, u G Sj 
0, u G S d 

-l, weS," 



where S J , Sd a and Sj are defined as (12.22j) . (I2.23j) and (12.24p . This shows that u at o >r (u) — > 
u ao ,o,r(u) almost everywhere on S as (a, 0) — > (ao,0). 

Step 2: For the case that (a, b) — > (ao, 0) with b > 0, by (12.33H and (I2.34j) . we only need to prove 
Ua,b,r(w) — > n a0i o,r(w) for any wsSas (a, 6) — > (ao,0) with 6 > 0. 

First we want to prove that n(r,a,b) — > as (a, 6) — > (ao,0) with b > 0, where fi(r,a,b) is 
defined as n(a,b) in (I2.13p . Assume that fi(r,a,b) as (a, 6) — > (ao,0) with 6 > 0. Then there 
exists a sequence (afc,6fc) — > (ao,0) with > such that /ifc = yu(r, afc,6fc) has a positive lower 
bound since /u(r, a, 6) > 0. Then by (|2.13p and fl2.2j) . we have 

1/1 



H — of I — r^-^k) da = I(r, X k ,Hk) = h -> 0, 

where A& = A(r, 0^,6^), A(r, a, 6) is defined as A(/x(a, 6), a) in f|2. 13j) . Thus A^ — )■ oo. Assume that 
A fc -> +oo. Then by (|2TT51) . (|2TT|) and ([2T7]) . we obtain that 



i 



«a fc ,6 fc ,r(w) = 



Afc 



1/2 



1 + ^ (|rJV-w| n 

uniformly for u) G 5, and a& — >■ — 1, a contradiction. 
Now, we want to prove that 

A(r,a,6) -> A = 

as (a, 6) — >• (ao, 0) with b > 0, where J" is defined as (12.29(1 . In contrary, assume that A(r, a, 6) ^> Ao 
as (a,b) — > (ao,0) with 6 > 0. Then there is a sequence (afe,6fe) — >■ (ao,0) with 6^ > such that 
Afc = A(r, afc, &&) — >■ A' 7^ Ao- If A' = 00, then, as above, |a&| — )■ 1, a contradiction. In the case that 
A' is finite, by (l2T6j) . (|2T|) and (I2T71) we have 



1 



aa fe ,6 fc ,r(w) = — —rjz -> Sgn <^ — - A 

( ^fc (jrJV-cj|" ~ Xk ) J 

au = I u„, h, r (u))da — > [ sgn < - — — ; X'\ da 

Js ' ' Js \\rN-u\n J 



h ( 1 
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f-1, A'>l/(l-r)«; 

1, A' < 1/(1 + 7-)"; 

a', A' = l/JJ, -1< a' < 1, a' / a . 

This contradicts — > ao- 

It is proved that p(r, a, b) — )■ and A(r, a, 5) — > Ao as (a, 6) — )• (ao, 0) with 6 > 0. Thus, 

U a ,b,r{u) -> Sgn { — — - A 1 = « a0i0) r(w). 

[ \rJy — u\ n J 

Step 3: For the case that (a, b) — >• (ao,0) with 6 < 0, by the result of step 2, we know that 
U a ,-b,r( x ) — > U ao fi t r(x) and V a -b t r(x) — > V ao fi tr (x) as (a,—b) — > (ao,0) with — b > 0. Note that 
U a - b ,r{x) = U aybyr (x), V a> ^ b>r (x) = -V a ^ r (x) and V aQt o t r(x) = 0. Then we have U a>b>r (x) ->■ 
U ao ,o,r(x) and V^&^a;) ->■ V aofi , r (x) = as (a, 6) -> (a ,0) with b < 0. 

It is proved that U at b, r (x) and V^& jr .(:c) is continuous at (ao,0). The lemma is proved. □ 

3. Main results 

For —it < j3 < it and real number 5, denote the straight line l((3, 5) and closed half plane P(f3, 5) 

by 

1(13,5) = {w = u + iv : Re{we = u cos f3 + v sin /3 = 8} 

and 

P(/3, 5) = {w = u + iv : Re{we~ l P} = u cos j3 + « sin j3 < 5}. 
Theorem 2. Let < r < 1 and < p < 1. Denote 

Pf5 = P{P, U pcoa p,-painpA rN ))> h = U pcos p,-p B m.p,r( rN )))> 

and define 

(3-1) #r,p = f| P^, 

-7r</3<7T 

F r ,p = {W.W = f r , P (P) = e lf3 F pcosl3 _ psin ^ (riV) , < ft < 71"}, 

where J7pcos/3,-psin/3,r *s defined as (|2,33p and f)2.35[) . Ppcos^.-psin^.r *s defined as (|2.36p . 
Then: 

(1) For any harmonic function F such that FiW 1 ) C B and F(0) = p, we have F(B r ) C E r „; 

(2) E r>p is a closed convex domain and symmetrical with respect to the real axis, and p is an 
interior point of E r ^ p ; 

(3) r rjP is a convex Jordan closed curve and dE r>p = T r ^ p ; 

(4) For any w' G E r „, there is a harmonic function F such that F(M n ) C B, F(0) = p and 
F(rN) = w'. 

Proof. (1) Denote 

Pp = P(°,U pcoa p- psin/3tr (rN)), I'p = l(0,U poos p- pBia ^ r (rN))). 

Pp and lp are obtained from PL and l'g by an anti-clockwise rotation of angle j3. 

Let F be a harmonic function such that F(M n ) C B and F(0) = p. For —ir < (3 < ir, let 
Fp = e~ % ^F. Then, FpiW 1 ) C B and F^O) = p(cos (3 — zsin/3). Using lemma 3 to the harmonic 
function Fp, we have Fp(B r ) C P'p and, consequently, F(B r ) C Pp. This shows (1). 

(2) It is obvious that E r ^ p is a closed convex set and symmetrical with respect to the real axis. 
We only need to prove that p is an interior point of E rjP . 

First we want to prove that f r , P ((3) G dE r>p for — ir < (3 < ir. f r , P {(3) G lp since F pcos p t _ psin p t1 .(rN) G 
l'p. Let G(x) = e^F p 

cos/3,— P sin /3,r(x). The harmonic function G satisfies the conditions G(M n ) C B 
and G(0) = p. By (1), fi, p {p) = G(rN) € E r , p . Note that E TjP C Pp, lp = OPp and f r>p {fi) G lp 
proved above. Then we have f r , P (/3) G dE T:P . 
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For / np (0), f r , p (n), f r>p (n/2) and / r)P (-7r/2), by lemma 3, we have 

(3.2) / r , p (0) = F P)0>r (rN) = U pAr {rN) > U pfi , r (Q) = p, 

(3.3) f r>p (n) = -F_ Pi0 , r (riV) = -*7_ pAr (riV) < -£/L pAr (0) = p, 

Im/ rjP (7r/2) = C7 - P> r(riV) = U 0tPtr (rN) > U , p , r (0) = °> 
Im/ r , p (-7f/2) = -C/ 0pr (rAr) < -*7 , p , r (0) = 0. 
Then p is an interior point of E T)P since E T)P is a convex set. 

(3) First we want to prove that r riP is a Jordan closed curve. r riP is close and continuous by 
Lemma 4. Assume that there exist < j3\ < 02 < vr such that u>o = fr,p(Pi) = fr,p{P2)- Then 
02 — fli < 7r and wo is the vertex of the angular domain P^ n Pp 2 . Further, it is easy to see 
that f r ,p(P) = w for /3i < (3 < /3 2 , since lp n dE TjP = w and f r ,p(P) G ^ n 3£V iP . /r,p(/3) is 
analytic on (0,7r) in the real sense by Lemma 4. Then we have that / r , P (/3) = w^o f° r < (3 < tt 
and, by the continuity, / r , P (0) = f r ,p{^) = ^o- A contraction, since / r , P (0) > f r ,p(ft) by (13.2p and 
(13. 3p . This shows that r+ p = {u> = f r ,p{P) : < /3 < 7r} is a Jordan curve. By the same reason, 
F^ p = {w = f r ,p(/3) : — vr < /3 < 0} is also a Jordan curve. Then r riP is a Jordan closed curve. 

For — 7T < /3 < 7T, it is proved in (2) that f r ,p{/3) G dE r ^ p . Then r riP C dE r>p . Note that 9£? r)P 
must be a convex Jordan closed curve. Thus di£ r , P = r r p . 

(4) For u/ 6 -Ej-./j, draw a straight line / passing through w' and intersect dE TtP at u>i and u^- 
Let w' = k\W\ + k2W2 with &2 > and &i + hz = L There are two real numbers j3\ and @2 such 
that f r , P {/3i) = W\ and f r , P {P2) = ^2- Then the harmonic function F = /cie J/3l F pcos ^ lj „ ps i n/ g lir + 
k2e i(32 F pcosl 3 2 - ps in/3 2 ,r satisfies F(B n ) C B, F(0) = p and F(riV) = w' . The theorem is proved. □ 

When p = 0, we have a corollary as follows, which is coincident with (jl.lOp . 

Corollary 1. Let < r < 1. For any harmonic mapping F such that F(B n ) C B and F(0) = 0, 
we have 

F(B r ) C Du( rN ), 

where U is the Poisson integral of the function that equals 1 on S + and -1 on S~ . 

Proof. By Theorem 2, we only need to prove that E r> o = Djj( r m. Further, by the definition of E T:P 
in Theorem 2, we only need to prove that Uo t o,r(rN) = U{rN). Note that by (|2.25p . 

'l, ueS + ; 
"0,0,7-M = < 0, u G S; 

-l, ues-. 

Then by (|2.33p we know that Uo t o tr (rN) = U{rN). The corollary is proved. □ 
From Theorem 2, we obtain Theorem 1, which is the general version of the above Theorem 2. 
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